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Abstract 

Let p be a prime. We prove that if a modular unit has a p th root 
that is again a modular unit then the level of that root is at most p 
times the level of the original unit. 

1 Introduction 

We prove the result in section |2j but because the literature contains incon- 
sistent definitions, in section |3] we give a summary of the relevant definitions. 
The reader interested in learning more about the theory of modular functions 
should see [BS05j . 

Our main results is that the p th root of a modular unit, if it is again a 
modular unit, has the level that one would expect. The source of this question 
was the study of the Siegel functions and their square roots. See |Kub81] . 
The result could likely be extended using similar techniques to the general 
case of a cyclic Galois group. 

2 On the level of a root of a modular function 



Theorem 2.1. Let JF^ be the field of modular functions of level N with 
Fourier coefficients in Q(CaO/ that is, is the fixed field ofT(N) inside T , 
the full field of modular functions. Ifp is a rational prime and f(z) G J^^J 7 ^ 
is a modular unit and f(z) l l p has level M for some M 6 N with N\M then, 
in fact, f(z) l l p has level pN . 



Proof. We assume /(z) 1 ^ is known to be invariant under the subgroup 
T(M) C T(N). We will show that /0) 1/p is invariant under T(pN). 

Let Ti be the subgroup of T(N) that fixes f(z) 1 ^; ie, for all A eTi and 

z e n*, 

f{Aozf'' = f{zf^. 

Because J r iV (/(2) 1/p ) is a degree p extension of J-^v, the index [T(iV) : r x ] = p, 
and, thus, Ti is a finite index subgroup of T as well. Furthermore, because 
f(z)V p is of level M, T(M) C r\. So we have the linear ordering of fields 

Q(jO)) cj w c ^ c jr M c jr 

where J-" ri denotes the fixed field of Ti inside J 7 . 

Let P be a fundamental domain for T; so P is a simply connected subset 
of 7-L* such that T> contains precisely one point from each T-orbit. If T>\ is 
a fundamental domain for the subgroup of finite index Y\ C T then it is 
made up of translates of V by a full set of coset representatives for Ti inside 
T. Such a translate is called a modular triangle. Define the fan width of a 
fundamental domain at a cusp a to be the order of the cyclic group that 
permutes the Tx-inequivalent modular triangles meeting at a. Schoeneberg 
proves in |Sho74] that the conductor of a group Ti is equal to the least 
common multiple of the fan widths at the rational cusps. 

The index of T(N) in T is the size of SL 2 (Z/NZ)/{±I}, which is 

l=[T:T(N)] = Vjla-i). 

p\N P 

As observed above, [T(iV) : Ti] = p, hence the group of automorphisms of 
J 71 * 1 fixing is cyclic. If we let a be a generator then T(N) decomposes as 
the disjoint union 

r(JV) = I\ U aT 1 U a 2 T 1 U • ■ ■ U a*" 1 ^. 

And if {Ai, . . . , A\\ is a complete set of representative for T/T(N) then 

{A 1} ...,Ai,(rAi,..., aAi, a 2 A u . . . , a 2 A h . . . , a p ~ l A u . . . , a p - l A t } 

is a complete set of representatives for T/Ti. Recalling our notation C(r(A^)) 
for the cusps of 7i/T(N), we see that 

c(T(N)) c ccro 
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and if a is a cusp of F 1 then <y l a G C(T(N)) for some i with 1 < i < p. 

Choose {Ai, . . . , Ai} to be a complete set of representatives for T/T(N) 
such that 

V N = UiA(V) 

is a fundamental domain for H/T(N). Let T>\ be a fundamental domain for 

n/r,. 

Schoeneberg's theorem implies that the least common multiple of the fan 
widths for TV is N. We will use this to show that, for any cusp a of r\, the 
fan width of T>\ at a divides pN so, by Schoeneberg's theorem, the conductor 
of r\ divides pN. Because f(z) l l p J-'n, f(z) 1 ^ must have level pN. 

Let a be a cusp of F 1 . As observed above, this implies a 1 a is a cusp of 
T(N) for at least one i with 1 < i < p. Letting /3 = a' 1 a be a translate of a 
that is a cusp of T>n, we see that multiplication by a % is a homeomorphism 
between a neighborhood of a and a neighborhood of /3. Thus, it suffices to 
prove the result for the cusps of T>\ that are also cusps of T>n- 

Lemma 2.2. If a is a cusp ofY\ and ofT(N) that is of fan width n forVjsr 
then its width for T>i is n or pn. 

Proof. Recall C r(JV) so T \ T(N) C T \ I\ and that the fan width n 
of T>\ at the cusp a is the order of the cyclic group that permutes the n 
Tx-inequivalent triangles meeting at a. 

If two triangles are TTv-inequivalent then they are Tx-inequivalent so, as- 
suming the width for V N is n, the width for Ti is at least n. Then since 
[T(N) : Ti] = p, we see that the width of a triangle for Ti is no more than 
pn. □ 

This concludes the proof of the theorem so any p th root of a level iV 
modular function that has a level, in fact, has level iV or pN. As f(z) 1 ^ is 
not level by assumption, it must be level pN. □ 

The special case we are currently most interested in is when p = 2, in 
which case we have the following theorem and its corollary. 

Theorem 2.3. If f(z) G J~n \J~% is a modular unit and \/~f{z) has level M 
for some M G N with N\M then, in fact, y/ f(z) has level 2N. 

Theorem 2.4. If f(z) G J r i V \J r ^ is a modular unit with \/ f(z) £ Fn{s/ j{z) — 1728) 
then a/ f(z) is not level M for any MgN. 
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Proof. By the index, there is a unique quadratic extension between F N and 
J^2N- We observe that J~N{yT(z) — 1728) is such an extension since j(z) — 
1728 has a holomorphic PSL2(Z)-invariant square root on %. □ 

The theorem says that if the square root of a modular unit of level N 
is a modular function on a congruence subgroup then it is level 2N. Thus, 
because the Siegel units <p u>v for (u, v) G -^Z are level 12iV 2 , it suffices to show 
the square roots of Siegel functions are not level 24iV 2 in order to conclude 
that they do not, in fact, have a level at all. For definitions and further 
discussion of the Siegel units see |KL81j . 



3 Background 

3.1 Modular functions 

Let H = {z e C\ lm{z} > 0} denote the complex upper half plane; let 
H* = H U P X (Q) be the extended upper half plane and C the compactified 
complex plane. Let V denote the (inhomogeneous) modular group, or the 
group of all fractional linear transformations mapping H to itself. Then T is 
naturally identified with the matrix group 

r = PSL 2 (Z) = 5L 2 (Z)/{±/} = { b d j \ a,b,c,deZ, ad-bc = l}/{±/}, 
which is generated by S = ( _ | J and T — ( ^ J . The action 



x 1 J V 1 

of T on an upper half-plane variable z G H is given via fractional linear 

transformation: 

az + b 

A O Z = :. 

cz + a 

A map / : %* — > C is called a modular function ( of level one ) if 

1. / is meromorphic on 

2. f(A oz) = f(z) for all A G T and z G U\ 
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3. there is an a > so that for Imjz} > a, f(z) has an expansion in the 
local variable at ioo, q = e 2ntz , of the form 

f( z ) = ^2 anqU i n G Z ' a "« ^ °- 

n>rto 

so no determines the behavior of / as z — > oo. If no < then /(ioo) = oo; if 
n = then /(ioo) = a ; and if n > then /(ioo) = 0. In the last case, we 
call / a cusp form. 

Fix a natural number N > 2. Let T(iV) < T be the (inhomogeneous) 
principal congruence subgroup modulo N, or the kernel of the reduction 
mod N map. In other words, 

1 > T(N) T PSL 2 (Z/NZ) ^ 1 

is a short exact sequence. 

By convention, we take T(l) = T. The upper half-plane modulo the action 
of T (written, by abuse of notation, T-L/T) is a singular surface whose one- 
point compactification by the image of the point ioo under the stereographic 
projection is homeomorphic to the Riemann sphere. The completed non- 
singular curve is denoted X(l). Similarly, 1-L/Y(N) can be compactified by 
adding finitely many points, the cusps oiF(N), or the translates of ioo under 
a full set of coset representatives for PSL 2 (Z/NZ) in T. In this case, the 
curve is denoted X(N). 

If H is a finite index subgroup in V the set of cusps, or translates of ioo 
under a full set of coset representative for H in T, will hereafter be denoted 
C(H). A finite index subgroup of V defined by congruence conditions is 
called a congruence subgroup. The conductor of a congruence subgroup H is 
the largest N for which r(JV) C H. 

3.2 Modular functions of level TV 

A modular function for a congruence subgroup T(N) is a function, f(z) : 
n* ->■ C such that 

1. / is meromorphic on 

2. f(A oz) = f\z) for all A e T(N) and z G U\ 
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3. f(z) has an expansion at each of the cusps in the local variable q = e 2mz 
of the form 

n>no 

If / is modular for T(N), we say / has level N. A modular function of level 
N descends to a well-defined holomorphic function on X(N). As before, if 
n > for all a G C(F(N)) then f(z) is called a cusp form for T(N). 



3.3 The full tower of modular functions T 

The set of modular functions invariant under the full modular group T is, in 
fact, a function field of genus one and is generated over C by the classical 
j-function, 

j(z) = 1 + 744 + 196884g + 21493760g 2 + 864299970g 3 + 0{q 4 ). 

We write T\ = Q(j(z)) and note that T\ is the full field of rational 
functions on X(l) whose Fourier coefficients are rational. The j-function is 
normalized so that its g-expansion at ioo (which is the only cusp of 
has integral coefficients. Thus, it is reasonable to define the ring of integers 
in this field to be 

Furthermore, the set of level N functions together with the N th roots of 
unity generate a field extension of T\, denoted J 7 ^, which is a finite Galois 
extension of T x with Galois group PGL 2 {Z/NZ) ^ T/T(N) x (Z/NZ) X . The 
Galois action is given by writing PGL 2 (Z/NZ) = PSL 2 (Z/NZ) x (Z/iVZ) x 
and letting PSL 2 (1*/N'Z) act as usual as fractional linear transformations on 
z en. A matrix in PGL 2 (Z/NZ) with determinant d G {Z/NZ) X acts on 
a (not necessarily primitive) N th root of unity ( via cr^ : ( t— > ( d . In other 
words, if / has Fourier expansion 

f(z) = J2 *nq n 

n>no 



then elements of the form A = 




G PGL 2 {Z/NZ) act as follows: 



f(Aoz) = ^ a d(a n )q 

n>no 
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and more general elements A of determinant d act as 

f(Aoz)= °dM(A' o q) n 

n>no 

where A' = -±A e PSL 2 (Z/NZ). 

Taking the integral closure of Z[j] in F Nl we get a ring R N , whose units, 
Un, are the modular units of level N. It is not uncommon, however, to extend 
scalars to C, that is, to study Un <8> C C R N <S> C. In this setting the set 
of functions with multiplicative inverses coincide precisely with the set of 
function whose divisor of zeros and poles is supported at the cusps of X(N). 

Finally, the compositum of the J-'n over all N is called the full tower 
of modular functions T . The set of units U in the full tower of modular 
functions is the direct limit of the Un with respect to the natural inclusion 
maps. 
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